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Fast-Fourier-Transform (FFT) algorvithms: Direct computation of DFT, need for efficient computation
of the DFT (FFT algorithms)., speed improvement factor, Radix-2 FFT algorithm for the computation of
DFT and IDFT—decimation-in-time and Decimation-in-frequency algorithms, calculation of DFT when N is
not a power of 2
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IDiscrete Fourier ITransform
e The DFT pair was given as
N-—-31 1 N 1 p )
X[k] . Z x[n]e (2 = 7 N I=n x[n] - :’::O X[k]ejz.‘. /N kn

n-0
= Baseline for computational complexity:
— Each DFT coefficient requires
= N complex multiplications
= N-1 complex additions
— All N DFT coefficients require

= N2 complex multiplications
« IN(N-1) complex additions

« Complexity in terms of real operations
= 4NZ real muluplications

« 2IN(N-1) real additions
= Most fast methods are based on symmetry properties

—H{2=/MNik(N—-—n) — (2 = f N KN —H2=/NI(—n)

Conjugate symmetry e — e e _ e ¥2=/N)ikn

Periodicityinnand k e 3=V . g iZ=/mikn=N) _ e
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Fast Fourier ITransformm

2.2 INNTRODUCTION

The MNWN-point DET of a sequence x(fm) conowverts the time domain N-point sequence x(m) to a
frequency domain N-point seguence X&) The direct computation of an MNopoimndge DFT requires
M ox N complex multiplications amd NN — 1) complex additions. MMansy mmethods wwere
developed for reducing the nmumber of calculations inmwvolved. The most popular of these 1s the
Fast Fourier Transform (FFT), a method developed bywv Cooley and Twrkew. The FEFT mawv be
defined as an algorithoan (or a mmethod) for computing the IDEFT 2 efficiently (writhh reduced
number of calculatmons). The computational efficiency 1s achieved bw adopting a divide and
conguer appraoach. This approach is based on the decomposition of an AN-poing DFT imto

successively smaller DDFTs and then combining them to give the total transformm Based on
this basic approach, a family of computational algorithiams were developed and thew are
collectively known as FFT algorithms. Basically there are two FFT algormthms. Decimation— in-
timme (I3TT) FFT algorithm and Decimation-in-freguency (IDIF) FEFT algorithm In this chapter,
we discuss IDIT FEFT and IDTF FEFT algormithms and the computation of DFT by these methods.
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FAST FOURIFER TRAMNSEFORMIL
The IDFT of a sequence () of lengih W 1s expressed bvwv a complex—ralued sequence XA as

e —0
KUKy = E a(rpde TTETENY K = 0,1, 2. — 1 wwhere

e—=AF
Let FFay be the complex valued phase factor., which is an N root of unity given by

I_i_.—" — = P s Ty

Thurs,

S0ED) bhecommies

-y 1
KK = >y, R =0 L2 N — 1

iy

Simmlarly, ITPFT is writtemn as
S —1
ey = E KK YV, " o =0,1,2_....N —1

=101
From the abosvwe equations for ATE)Y and aolrm). 1t 15 clear that for each value of & the direct
computation of XA mmswvrolves W complex mnmltiplicatnions (<N real ssnltiplications) amwd MWV — 1
complex additions (4N — 2 real additions). Therefore., to compute all W wvalues of DFT, N
complex mmaltmplicatrons and WVOW — 1) complex additions are reguired. Im fact the IDFT and
IFT mmwvolve the same type of computations.
If »(m) is a complex—~valu=sd seguence. thhen the Wepointg DFEFT given inn eqguatiom for AX{E)

can be expressed as

XUEY) = Xr(k) + JFXNE)
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The direct computation of the DFT needs 2N evaluations of trigonometric functions, 4N-
real multiplications and 4NN — 1) real additions. Also this 15 primarily inefficient as it
cannot exploit the symmetry and peniodicity properties of the phase factor Wx, which are

-

Syvmmetry property WYt =k

Periodicity property Wy " =W,

FIFT algorithm exploits the two symmetry properties and so 1s an efficient algorithm for DFT
computation.

Bv adopting a divide and conquer approach. a computationally efficient algorithm can
be developed. This approach depends on the decomposition of an N-point DEFT into
successively smaller size DF Ts. An AN-point sequence, 1f N can be expressed as N = rmirars, ., Pm
where p = 2 =13 = .. = Fm, then N =", can be decimated into r-point sequences. For each r-
point sequence. r-point DFT can be computed. Hence the DFT 1s of size r. The number »r 1s
called the radix of the FFT algornithm and the number m indicates the nmumber of stages in
computation. From the results of r—point DFT. the r*-poimt DFTs are computed. From the
results of r-point DFTs. the r-point DFTs are computed and so on until we get 7-point
DFT. If - = 2, 1t 15 called radix-2 FFT.

ATME College of
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Imnm IDecimiatiom in tisyvee (DT T algorithsn,. the timnmee domamin seqgueernoe () 1S decimnatecd aAamnd
mivkaller poing T F Ts are commpated and thes ars oommbined to et the resaplt of Nppodamnt TE T

In general we can say that, im IDIT algorithmnm the ANopoint IDDFT cam be realimed fromn
twro muammbers of AWNZpoint IDF Ts, the WP Z2-poinmnt IDFEFT can be realimzed ffom tvwo marmmbers of M-
poditut IDVFTs, and so oan

Imm IDIT radix-2 FFT. the MN-poind iy Jdomain seqguences 1s decimmated inmto 2—-peoant
sequences amnd the Z-point IDEFT for esach decimmited seqguence is commpuated. Froomn the results
of Z-point DEF I's,. thhe <f—poaint IDFITs. fromm the results of 4—point IDFEF s, thhe S—point IDETs amd
= O Aares cormpuated wmmmiil wre et Nopoamd DDDET

For performings radax-7 FEFT., the walune of 7 shhounld e sawch that, M — 2% Here, tlhe
decimation can be perforiyeed e titywes, where i = loga™W TInn dirsect cormmgpuitatiom of MN-
podtnt TPE T the total nunmiber of comgplex additions are WM — 1) and the total nusmnber of comgyrless
mmrltiplicatioms are MN° . In radix-2 FFT. the total nmumber of complex additions are reduaced to M
o> ™ and thhe total muambher of complerx mmulirplications are reduced to (N2 Logax ™

T et x{rm)y be amn MN-sample seqguence, wherese MW is a power of 2. TDecismate or brealk thiis
sSqiencs imto Twro seguencoes F 1) amnd S of lengsrh MW omns composed of the even inadexed
wrahaes of () and the other of odd invdesed wralues of w(re).

Gawvern sequaetvee e d - o0 o1y, (2. Il:i; — 1) x N — 1
Evren indexed seguence Aery = o 2wy 2 ool O . ol 2 el < ol N — 2
Odd mmdexed seguernce Fo(rmd = o Zrr - 10 2 o1, 3D, (S e eeeeens ool S — 1

e oo that the transformn XKy of the TN-point seguuencs ={1) 1s miver by

M1
E(E) = > x(rmdFF,"T K —0,1.2, N —1
P e

Breakinge the suan anoto o parts . ote for the evren and one for thhe odd indexsed wralues . givres
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e e | M —
KKy = E BN S 15 SR E _r[n}i[*i-" LR =0 1.2 .M — 1.

re=1{k

e e | Mt —1
ARy = E e VL, B, E 2ol e W,
T = R e =kl
TAThen v 1s replaced by 2. the even numbersed sanmnagples are selected and when o 1s replaced by
2+ 1. the odd mmammbered samples are selected. Henoe,

]

= T |
XK= > xZrdB,7N 0 D a( 2z 10T

ar=il ]

Rearranging each part of E{k) imvbo (72 )-poimit transformms asine

o T S
W (I — {e” ~ ] — W, and BTV (WIS
TR e carn wWwrite

A —0 e |
ARy = E R D L SN E L Cea W

oL re—=Ak

By defination of DFT. the N2 —poimt IDF T of ©f10n) and f20(n) 1s gaven by

Fo( Ry = E: YR & LK) 4 E: L (e Y

=0

X{.ﬂ:}zE{h]+l—'¥-’h.*Fz{f{'}*--ﬁ=ﬂ._1.,_.?..._.-.. ..... M — 1

The mmmplementation of thas eguation for X {k) 1s shovwn 1 the following Figure . This farst step 1
the decomposition breaks the TN —poant transtformm into Teaoe (IWT ”’)—p ot transformms armnd the ke WT-T
Pprovides the IN—point cc:1nbu.1mg algebra. The DFT of a seguence is periodic wiath period misvemn by
the mmaummber of points of IDFT. Hence, F1{k) and F2(k) w1l be penodic wiath period T2

Flk + N2y = F(KSF. (K +N2)y= F.(K)
FEk + N I2Y= F(KI.SF (kK + N2y = FL(K)
In addition. the phase factor M"Y = —(FH7.7 )
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Therefore, for k = T2 HKY is miven by
ARy = Ak — W _-'“2}—H*T.__.";’F"3|:_’K—f\-r S22
The implementatiion using the periodicity property 1s also shown in followings Fioure
FE PR 1 1
i -— Tl ] R LI B TR S— - - i - - W01
5ol A PN 1 -h'“um_ i 7
vl 2 owm—— e Mila (R . R SN— . _ - - Tl - o |
P 2 AR 1 __:ﬂi- Pl i -
I :-r' I ::\_\‘5\1‘% ,.r"d" el | 3Fl1t.-l o LA ] 1 1 - H‘xﬁ L ;"'f-
I I J—— Wi KB —-——4%%-’—!- o e
F~ 430 1 [ ® e L L~
W . LT T i e T R — - -— -‘;“E —-E_:{I: :"f —mw S F )
- " 1 el
Fad 0y W !_d- o
W Lo e N ALY e - - - ’_;c:fr:;;.:x - X
F Ly g (o ;-:‘::H_ L%
AL - a2 o=ianl L3I HEED g il - - = : = = N - XILFD
|:.|!.'|' IZII: 1 A2 LR S I_,-"':— __.-’---_:H"-\._\_ -\-""\-\.._
NS e O [ - - - — - N — '“_L_x T L
N S B I T ™ 1 e
L [ E— L T | L' [r— I — - = - W T |
Figwre Z.1 NMlustratwon of flow sgraph of the first stage DIT FEFT alscnthim for &N — E_
Having performed the decimation in timme oawee, Wwe can repeat the process for each of the

saeguences ) amnd S(rmd. Thons F0m) would result i e (WA )-point seqguences amnd S0 woeld
result in another two (WO poidnt Seqiesinees
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Decimation-In-Time FFT Algorithms

Makes use of both symmetry and periodicity

Consider special case of N an integer power of 2

Separate x[n] into two sequence of length N/2
— Even indexed samples in the first sequence

— 0Odd indexed samples in the other sequence

M-1 M-t _—
x[l{] = Z K[n]e 2=/ N Jkn _ Z ){[ﬂ]E 27 F N Jkn . Z x[n]e 2 = f N Jkn
n=0 i even n add

« Substitute variables n=2r for n even and n=2r+1 for odd

N/2-1 MFf2-1
X[k]= ¥ x[2riw2* + 3 x[2r + 1]w 2"
r=0 r=0
MN/f2-1 NJ2-1
= Y x[2r]WE L+ WY x[2r + 1]W
r=0 r=0
=G[k]-wri[k]

» G[k] and H[k] are the N/2-point DFT’s of each subsequence

ATME College of -
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Decimation In Time In-Place Computation
* Decimation-in-time flow graphs require two sets of registers
+ 8-point DFT example using — Input and output for each stage

decimation-in-time
*  Two N/2-poimnt DFTs
— 2(N/2)? complex multiplications
—  2(N/2)? complex additions
* Combining the DFT outputs X,[0]=x[0] & x,[000 |= x[000 ]

— N complex multiplications }.{D[1] - x[q] PN }{ﬂ[[lljl ]= x[lDD ]

» Note the arrangement of the input indices

— Bitreversed indexing

— N complex additions

»  Total complexity X,[2] = x[2] & Xx,[010 | = x[010 ]
- N:.-':3+Ncomplex mul.tl.phcatmna X, [3] . [6] o X, [(}11 ] _ [11[! ]
— N-/2+N complex additions
— More efficient than direct DFT Xo[4] = x[1] & X,[100 ] = x[001 ]
* Repeat same process KJ[S] = :-:[5] “ Ku[lﬂl ] = }:[1[!1 ]

— Drnde N/2-pomt DFTs into
— Two N/4-pomnt DFTs
— Combine outputs KJ[?] - K[T] o ){0[111 ]= x[111 ]

ATME College of -
Engineering, Mysuru
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Decimation-In-Frequency FF'T Algorithm
= The DFT eguation

M -1

X[k]= 3 x[nlw 3k

1y ] o

= Split the DFT equation into even and odd frequency indexes

My 2 1 o : |

x[2r] = 3 x[nlw %27 = 3 x[nIwW %27 + 3> x[n]lw /23"

3 0 m N 5 2

= Substitute variables to get

Moy 2 : 2 ] M Z 1
im+M 0 Z i2r

}:[:-_’I"]= Z [ ]wW E-Er'_ Z x[n +N_.l"2]wh = E -I:::{[n]_ x [N —N,-"IEJ:IW rﬂr_.-:-_'

m o 4] u]

« Similarly for odd-numbered frequencies
x[2r + 1] = (x[n] — x[n + N/ 2])w 2]

ATME College of -
Engineering, Mysuru
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Decimation-In-Frequency FF'T Algorithm
« Final flow graph for 8-point decimation in frequency

x[0] « < = > X' 0]

War
— P _\'IJI

"MQ\ 0 .

x|2] <« ‘ ‘ )—»——(; X[2]
WS Wy

R & - o = - K -\.|‘\|

x|4] < “’..v “\ | - | -0 X|1]

° XS]

x|5] &

X [hl / > > K
x[7] : ~ —~— ~ ——o——o X|7]
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THE S POINNITD IDET USIK'< G RADIN -2 DIl FEI

The computation of S—-poing IDEFT usins radix-2 FEFT inowvolwves thhree stages of computatiorn

Here N = 8 = 2% therefore. - = 2 and m = 3. The given S-point seguence is decimated into
four 2-point seguences. For each 2F-point sequence . the oo podnt IDET i1s computed. Frosm the
results of fowur 2X-point TDF T's, oo d-poant T EF Ts are obtainked amnd fom the res ' of twro 4 —

point IDFTs, thhe E-point IDDEFT 1= obtained
Let the given S-sample segquence x(rm) be {00, 1), xa(2ZD. x3). 3y, MNP, (6. o 7TIrF -
The S-—-samples shownld be decimmated imnto seguences of oo sammples. Before decimuation thuewy

are arranged i bit reversed ornder as shownn im Table 21 B |
ML FE0
1 i {ik) |
' LI - _____.—‘.'-,.___H
[ el . HIH —
e — ITLE R e
W b e - ——— —
! —
. L T
ol 2y e -— — P
] ey
_____—"_ﬂ_'——___ _I:'.l_'_'_-fl.'—ﬂl”"::_’
PRl s e — . —
B T
I L I
wi B s e U B
i L T e
_ e — T U T ~
L == —— = NS0
| DT —
LA L T e
SOl 30 e - P— —— L
T — =
o= L . =
ety
wr T s — — o | (]
W Wl 1
Figmre Z.4 MNhstratyonm of complete o sraph obtained by combinimes all the threse stamges for W — E.
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i R Cr, 003> F
ACChy — —1 Computc (,f,,,,l,,,’_ = ; :
S T D P mm—— Z-point DFT B P Crombinae Z-—peorint .;.. - o
e i 7 ) - Cr, > IDFI's 1o &=c1 I 2 -
=0 -1 Compuic i e -point DFT S - Combine L - X(2)
O —— ! Z-perint DT ~ 124 ! i) SEN 3 - prorant ! RSO "C L B )
— < - (> F— a4 IDF T~ 1<y
~ol) —a Comprustce = =~ 1 — Z2ct S-pomnt e Xi3)>
S -— Z2-point DT 1 e 2 e Combinc Z-poinit =5 l)—- D1 $ -— XS
<5 (> IDF TS 14> =t F o =l
X3) —=] Compulc ("7| 1 S -p<oint D1 7 |_~7>’.. T XiG)H
W Ty —e| Z-point DFT e e e Eab 2 S8 R o
1
C oy 00> - = Xqeti»
i
Cr, L - 41
v
€5,,400 = A3
v !
G, A1) =» = V=)
8
C5-.-¢0) = -— 46
2
Cr. 1) - -_— X4 T
Figure 7.6 (a)—<c) Flow sraphs for implementation of first. 2nd and 3Srd staéges aF Commx“{adon_i \"\_e
Buttexrfly IDiagiaim
Observing the basic computations performed at each stage. Wwe can arrive at the following
conclusions:
Q@ In each computation two complex mumbers a and & are comsidered.
n e complex nmnumber is xzles 1S ¥y a s factor =
Th Pi 1al = 1t iIzed D3 ha = T | £ 2
=1 = ~ASs A o e cox ex mumrmber & to form a new complex nuamber A
The product & dd=d to thy xxpl 1o t s £ 1 b =1
Ce 7 The product & . is subtracted ffom complex number g to form new complex

nummber 5

The above Dasic computation can be expressed by a signal flow graph showvwn 1im Figure 7_7.
The signal flow graph 1s also called butterfly diagram since it resembles a butterfiy.
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e - — N = =x —l—.'-JII':
I
] - ——— e g'J—_l'jll.l':

Figmre 7.7 Basic butterdfF v daasraynm or fEow mraph of rada=— T3¥TF+ FE 7 -

The commagpletes flow oraph for SE-podmt TTT FE T considerimg peeriodiciitsy dravwome im & wWay
o rermermibrer easaly as slhoww e 11 Faigumres 7.8 I s=dai=-—-7 FE T, A2 bhutterflases a1 staoe ar=
redquuired o represemnt thhe ocommypauatatbioral process. T the buaaiter s dai=morasm Hor 2 —peoamt I»FE T
shommrm 1y Faonage o8 for ssyaamswwetr FF"__"E' - FF_'1_':' =l %":' Aare showwmn o the sraph evwenthonoh thewr
are umanitsy. The subscript ZF inmndicates that it is thhe Arst stage of cormpuatation. Sismdlaris,
suabscripts < and § ismwdicate the secomd and thaird stages of compietamtiorm.
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. 1 1 e, 4k 1 A I I
LRl B W ] e = ey
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1 1 CF L, 40 1 1 F Yy p g P o8
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B T L 'l P et A B 1 e N D ST I B ¥ B L™ ™o 5 ey —_—
ol S == — - —— T ML=
. ' e - —~ o = - ;-“ax -
ey 40k L1 — e e Sl e D B 1.~ - o e,
B 1 . 1 S - v'___--"“‘_f_:_ I:_.— . 5 L -rr__-—"— 1 -.1_‘_ -, AR
a rm = — 1 =
L _'___,_,—\.__\___\-_r e 1 3 L1 1 — --.__\_.|' 0 5 LN ___’l" e
e ] i —1 e : - 1 -t I T WL T

Figmre T.8H The sapmal floww sraph oo buatterflwy diasrasm for & —peoamndt rada=—" T23TT FEF T
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INDEFECIMII A TICON IN FIREOUENCY (IDIIF ) RAT»IN 2 FE T

In decimatiomn i freqguency algoritlhare, thhe freqguencys dormrain seguences X A) i1s decirmeatedd . Tow
thhi=s algorithrn, the MN—point thrree dommain sequuence is conwverted to two onuambers of AW 2 point
SEIIE T ES Then esach MNWNZ2point seguences 1is Ccomwverted to Two Dnauammbers of N -point
sequences. LThis process 1s continared vundil e get MWY2 muamibers of 2-point sequences. Finmalis
the 2—poinvt IDFT of each 2—point seguence 1s cormpuated. The 2 point TDPF Ts of W2 muamibers of 22—
Point sequeences will giwve MNo-samgples. whaach 1s the MNWN—point IDVEF T of thhe s dommairnm  Seqlisruaes.
Here ithe asguatnons for MWN2-point sasguences, MW -podnt sequences, ebhc.. are obtained o
decimation of fieguencty domamin seguences. Hence thas mmethod 1s called DI

To derive the decirmation—-in-freqguency forsmmm of thhe FET algorithimm for NV, a power of 2

e camn fOrst dawiaide thhe given impuat seguence () = A0, 1D, (2. H(FD. oAy, (S, (O,
a7y inmto the first half and last el of the poimts so that its ITDE T WAy is

St —1

1 e |
ACHE Y = 7 o)L = T o YR, - BT T (e R
=01 =>4k = 2
Nt | N e | .
= = a(FdFFY - BT T o - NS 2R T e
ra=10 =02

It is 1immgprortant to observe thhat while the abovwve eguation for WAy contalms vo suamnrmnations
over MNI2poants, each of thess summmmations 1s ot g WY 2 —poant TDF T, simce For rather thars

= e M2

M F—1 L - |
By = E Rl 1 S & S E e - NS 2,
=0 R =141 _ E - )
= = [x(n;:ﬁg.”* 4+ (— 1™ xrr + E}Fﬁ}“}
|

— J—E:_] [.r-l‘_'_;rz::l + (— 1™ xx(rr + g}:l .5 St

T il
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L=t wvs split ATA) anvbo even and odd mmambered sanygpples. For even valuaes of & thhe XA can be
“written Aas

X{EK—}Z - E__ _;l._‘{_lp]-}_k.:_‘l":lz""_l_{'jr_-'_%}H,-:x_luﬂ:]
- > [rfu} 4+ xclrr + %}] B,

For odd vwalues of k. thhe H{k) can be wrmitien as

P e | - )
(2K 1= > | xCmd + (— 1335 (e + ;mﬂ.ux—-m]
=
M1 Ji,"'.lr
— E ol Fr y — ol Fr 4+ = }:lﬂa.:‘-'"”'r'if_-.- 1_._..:t

The abowe equations Ffor X 28A) and 5258 +— 1) can be recogized as AW Z—podrnt TDDEF T=s. A{2&E) is
thee= IDFETT of the S1ATIn of first ralf and last half of itlue ATl S UL TR i = o
fx(m)y = xo(rr +— N2 and XA +— 1D is the IDFT of thhe produoact FFD whiath the difference of first

half and last half of the gt i_e. of {x0m) ao(Fr —+ MNF2DF P
If we defines mnew tirnee Jdosmnain sequeences, i) &anmnd () consisting of AW 2-—samnmaygples, sieclhy that
N Pl
L, red) = A rr)d +_1:{;: -+ I: form = O, 1, 2, ... — 1
= =
-
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N . N
and o (rr) = x{r) — rlr o+ — ]W{ : form=0, 1, 2, .... - — 1

then the ITDVFTs LAY = A28 and L&k = A2 + 1) can be computed by first formang the
sequences 1) amnd wax(m). then computing the N 2-poing DF Ts of these twwo saeguences o
obtain the evwven muoambered owiput points and odd ommmbered owntpuat points respectively. The
procediare suggested abowve 1s 1llusitrated i Figure 7.9 for the case of an SE-poini seguence.

1 | ar 0k}
L' o ] - — - E 1 XiLla
1™~ 1 _..-"'f 1 e 0 10
wil 1o . gt - - — - - - i Ty
. x“"x,__|__.-"f ;___.-' I 0 (2] ‘-..-I_:':.::ulgn_lnl
N e — - . - s
e Xy K . (30
U T T S :““-"' e __."-':_ — - - . KM
I.a-f _..-- '\-\.-H- __:'-":;_ 'I'.m_l e L1
s -J"; ;‘__":__ :__.__h ___"“: “m - — . 1
o Twl el L el 10
e e | -:'-- _d____-"- __:'"7!:'-_\_-1 H‘H.._\_x\.\.\- - - O e T - ¢ 5
1~ _____.-'"- 1 x'“'xx \\. W e 20 T ::_'-[ -
Vil . — -— \‘x -_— - - N Sh
L 1 e, i =l H
T - - — e . L R
Figmre 7.9 FFow graph of the IDITF decomposition of an NN —point DFT computation imtoe twoe WV 2—point
IDFEFF computations MW — 8.
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into wo mumbers of N4 -point seguences and four nmnumbers of mew N4 -point segusesnces can be
obtained fTom therny

T et the new seguences be vii(Fz). vaia(Fz). vor(F2). voaa(@Fz). On simxmilar Iimes as discussed
above. we can et

V3 (72) — z&, (72) + z&, (2 + 2): o — OO, X, =2 - __ — 2
—
- = N
vis(22) = [z, (72Pp — ze, (rz + 2HIW I, = foxr»m — O, B, 22, - s 1
N
Vo, (72) = 24, (r2) 4+ 24, C(rz + 2) for o —0O, 1. 2 ___, = —3
o N
Vo (72) — [2&5(72) — za, (rz + Z2HIW_ . = ESen=wn-~——a0 1 2. ___ T — 1

This process is contimuaed till wwe get only Z2-point seguences. LT he DF 1T of those Z2-point
segucnces 1s the DFEFE T of x (7). 1. . X5 in bat seversed order.

The thitd stage of computation for VvV — 8 1s shovwmnm in Figure 7 1131

The entfite process of decimation imvolves 77 stages of decirmationn where 722 = los-- N
The computation of the N-—poinmnt DFEF T wia the DIF FFEFT algorithin reguires N2 los> N
complex multiplilications and OV @ — 1> los>N complex additions (1. =_ ftotal nDumber of

computations remMaIinls same in bothh IDIF and IDIT)

Observing the basic calculations. each stage imvolvyves N2 butterflies of thhe tyvpe shown
in Figusre 7 12
T he Dutterfily computaiion Imvolves thhe following operations:

O In each computation two complex mumbers o and & are considered.
a The sum of the two complex mumbers 1s computed whiaich fornms a new complex
number 4
G) Subtract the complex nmnumber & fTFom o to get the termmnm (o — ). The differtence terim
(g — ) is mmuluaplilied with the phase factor or twiddle factor P ato formm a new

complex number 5
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1
P - 1 N
1 \
L | " T
L a— 1 = e

Figmrre 7.2 Basic baatterfF 5 daasrannm Hor TOIEF EFIT .

Thee sigmeal FAloww sraph or bhuaatrer Flis diagorasye o all the threse staoes toosther 13 shoemmme i Fisare
F_oLE
M. &S I~ T T T ST Ces B ST S 2 W EFE 1

The= IDITE ocormmpouatations Hor amn S -sarngdls saegqueaerncs ars ginwermn braelow am cdaet=al
Toet ey — L0, mofl 1. (2. (3, x<B). (. (S5, L 72 F e e mivwrern S -sarmple Saequreancee

Finst stage o o« T T TT T ST e TS

T theye A=t st=a s of cormmpiatatiormn,. o muaarmibeers of 4 jpoamnt sequiernoces arg () maracd sy F7 ) [are
obhtminnedd ooy the givwvern S pooint Seqneernaese AT =S Ssheoowwmrae el
1 1 ra AR 1 1 1 LB 1 I
- - | p— ———1 —— .
| T Y n - 1 I | l--x-\""‘-\-\__\_\_\_ 1_ 1 1 Ly b S S
- e - - B - - L e - - -
= Ry - n na i T —— B LT Ty 1yl R 1 [
- ""'-__q_ __-—-C__ o _.—-"'_‘ |- - - e o - —q — -— -
T -l R 1 TN T . e LR Vgl Bk e L
R T | e e - - —= - O
I!.— SR -:5"-;:_ e B, E For oy 1 1 1 g R 1 ¥
I I N} = - 1 v — e Y A ]
1 e e e ' . L e —— .
~ = o - L S aw 0 B T - 1 1 g B g — T — 5 o _
e e | - r 1: = T T — — = 1 —— = o W |
T 1S e - | LA T I B
B - - - — 1 -~ 1 — = =
I I T | — — p—— e ]
B H"'—-\.\__ T aw -l 53 __,r-“'/—__ T Ly (B IL__:_—'H——-'__—-__ s
. - 1 - = el | 1 — 1 — [ — T

T-AF Sasmal fFowsr srapkh or bhoatterfF 5 diaesrarn for thee S—geomnn® ragdazs—F TIE FE 5 aF s=orathywm
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F3R AMATPT. F 1 T'Dhyasss thee baatterfly lnose chasyraerm oo SEopoamt FIE I calomlatioors amsd boaedfls explare
W= e carsaadtsomm—im—hrres alaoaatbees

Soafprrrorr- Th= bantterfils e dhasraeren foor S—ppeoamdt TDTT FE I alsoconthesy 3= shoeem o follorrsaame

Fisuaa=

R R e o e Foxr E—gearmdt T3TT FE T

i I T hes rrapaat Sscgumeasces wiiarad = fal.,. w13, ol 750, >0 F0. ol ol S5h, olSa,. 0 7.,

=2 Tzar re—rersadd ol o 1rgoea® ars 1.e. @S e — a0, (., AR, xS, 210 S, L E R, el T

Siraees MWT— 2 — 7 s BEopeoams TRE T coasrspaatatiasa

= Fadh=—-"F FF I moroolsas 5 atampes  of ooargaatateoe | emchh stage g alsame < hastber fllnes. T lee cmatpoaat
AT =l e . ruosrrrral oecker

=2 Tarn thee fHOrst stasme foaar F—peoame TPEF I = are corrgoantecdl T e secoasdd stase thesr are osoarmilisa reesod
a s e s peoaayt TPE T =. I fthee dlord ssmse, the toeo < —goeoat TFE 1 = are oo il aosdes o S—
Aot IDDE T

-0 Thes S—peaxsdt FE I cmboamalaticors recquaress. B Log-B — 29 coormgelecss acddchfaeasays arad (B2 o8 — =
oargrr e rroalhypliscatsoeres

1 y R 1 1 . 1
=N -..I____ - e — -—_H‘_ - - LS ]
(L B ==, 0 e e L 1 = 1 l
| - - ——— — - — - e - - - o —— - — =a b
" - Pl gt r:-b—":_ ":-C_El [ | 1= . = -~
e _— =l — --‘!' e - - - — ~ L o A= ]
(L] ! .-—I'-._ = i b= L |__.--' ' T _\__l o ] 1=, :"-:_I _3_:- _.."
Eol B — - — = — - _ - — - _ = - e T
1 g e 1 o N W] L -l:'-(f e o = I
ax 0 --I____ — — - Feull = - -:::l' -:-_E-l: r___-e,_ - S B
T R W= AT g B ! - n R el s
——— — . — o WS
- o e EERT | _I"‘:-_..q_-—_\_ 1 o= oa” R e | L 1=~ - 1 e =
I G S - -— = p— — - — - - -_— - — e - LS ]
o g - B __-_,—I._-"-_ ' | L | ' '\-\.___:l L ] L L -\.-
il i —-——— — - - - - = - - — - W
Fipmere : Borresrfly Fimne: dbiaram for & —poaot TP T FF T alsocoitdlam foor W — B
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eoarxt TFE T 1 ot resersed oodea
Im IO TF alscrmitlhaorm thee feguaerssy doarmainm saecaguieaesee KA s ahesrawsaoatesod
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Fom=ll=- thee 2 —pemarst T T o of eachh 7 —peoarndt socyumesepre ps asoaraprurtead . T Ees P precarndt T Ts o M0
maamibeer o Fopeoanm® sewgueerces el o savee MNesaaaraples wrdhach ps the M pemarsd T T o thee faeeee
coariai s Secguaerece . ] e arvmps e ammseaatmdtrean o the S peoarned raadasc—-2 T3O0TF FE T alsoaaythan 1= sheosws o
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EXANMPILE 7.4 What 1s FF I 7 Calculate the nmumber of nmitplicatons neaded in the calculation
of DF I using FF I alsormthmm with 32-pomnt seguence.

Solwuriorn - The FFI. e Fast Founer tramsform i1s a method (or algomithm) for cormputing
the DF I wath reduced nmumber of calculattons The computattonal efSciency is achieved by
adoptinz a ditide and conguer approach This approach 1s based on the decompositton of an N-
pomt DF I into successitely ssoaller DFE Is. This basic approach leads to a famly of effcient
cormputational algsorithms knowm as FE I algorithins. Basically there are two FE I alscormithms (3)
DIT FFI algormithm and (1) DIF FEFI alsorithom If the lensth of the sequence N=2~_ 2
indicates the radix and »? indicates the number of stages 1n the conputation In radix-2 FF 1. the
Npoint sequence 1s decimated Into two N 2-point seguences. each N Z2-point segquence 1is
decimated mto two N'd-pomst segquences and so on f1ll we get twwo point sequences. 1he DF Is
of tvwo point seguences are cormputed and DF Is of two 2-point segquences are combinsd into
DFT of ons 4-poant segquence, DF s of two S-point sequences are combmed into DF I of one
S-point seguence and so on t1ll we get the Npoint DF I
The mummber of n:lnl‘t*zpl.cauons neaded m the computation of DF I using FF1I alsoxithmm

wwath N= 32 -pomt sequence is __lo= \. = lo= "f =S80 .
> > =
The mumber of cormplex additions = Nlog: N= 32 log. 32 — 32 lo=.2° = 160

EXANMPLE 7.5 Explam the mrierse FEF 1 alzorithm to cormpute inverse DF I of a S-poans
DFT. Draw the Sflow zwaph for the same.

Solwuriorn- The IDFTI of an S-point sequence {X{A). £ = 0. 1. 2. .. 7} is defined as

x(rt) = —z XK W s ma=0; X2 :0:57

k=0

Taking the conjugate of the above eguation for x(s), we have

x =D X kW™

A=0
Taking the conjugate of the above equation for x (n) we have

1 . mk
x(n) = — X (kH)W,
1} .

==

The term inside the sguare brackets in the RHS of the abo= expressiomn for x(7r) 1s the S- poant DF T
of X (k). Hence, in order to compute the TDF T of _i{L) the followins procedure can be followed:

1 Given ATLE). taks corygusate of X(X) 1 e determane X (k)

2 Conypute the DFI of X (&) usimzgs radix-2 DIT o DIF FFI. [Thas gmes Sx ()]
1 Taks comyjuzate of outpaxt sequence of FFI. Thas gZives Sx(m).

=

Diade the saeguence obtammed In step 3 by S. The resultant sequence 1s x(2).
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Figmre T 18 Componiaton of B—poiwt TFFT of X (&£ by radize—> ITF FFT.
From Fogume 7.1E,. we get the E-pomt IDF T of A A b DIL FE T as
Bx (m)= {8x (0], B (1), 8 (2}, Bx (3], S8x (4), 8x (3}, Bx (&), Bx ()}

o) = IE{EI. (0D, Bx™ (1), Bx™ (2, 8x" (3D, BEx"(4), Bx" (3}, 8x" (E), Bx™ (T2}
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EXAMPLE 711 Congpute the DFT of the saquence x{n)={1,0,0,0,0,0,0, 0} (a) dwectly,
(b) by FFT. =x(OF; #0230 ) 200 G 4
Solumon:  (a) Direct computation of DFT

The given sequence is x(n) = {1, 0. 0, 0, 0, 0, 0, 0}. We have to comyute 8-point DFT. So =)0+ @)+ OF +O K+ OF + OF; - OF ;+ OF =]

V=8 Th=1tx alk

DFT {x(n)} =X0) = x(m)e - I.rlirr]FF'“:= () T 10)=1L10=110)=113)=114=110)=1 16=117=1
. 0 .m0 MW=0111LL111

b Computation by FFT. Here V=8 =0
The computation of 8-pornt DET of v(x)={1,0,0,0,0,0.0, 0} by radx-2 DIT FFT
alzonthm 1 shown 1 Fizwe 731, x{n) m bet reverse order 15

x{n)= {0), x(4), (2, 2(6), (1), 3), (3, )}
={1,0.0,0,0,0.0,0}

For DIT FFT wmput 15 1 bt reversed arder and outpat 15 in normal arder.
From Frgure 73], the §-pomt DFT of the srvenx(n) s XB = {1 L1 L1 11 1}

ATME College of
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EXXARMPI.F 7.12X Sy S—peodrnt segeeerese 15 et by aolleel
Commparts: the S—peroart TOF T of () by
(ad RFRFadh»-F I T FFT alzcorthen
by Fas<hx-* T3IF FE T algcmthonm
Also shhetch the oo pratwerde armnd phacse spectras
o . i 1 1 i 1 1 2 1 T i
AN = - — - - - — - . LLeD =
W, = 1 Ij___ - 1 1 'E-“"“.h_q__ 1 1 L' 1 o
w4 - - T - - - e = - o 1
1 1 (] 'Il-'f_. = I !___}:*.__g_.?"':-:x 1 [ | ™=, q-h“-.__. e
o) = 1 - - ————- - - S - - e N(ZE = 1
Wl 1 O Wy =— L7 g T ] 1w, AN
oGy =0 - - - - - -]aﬁ;pﬁﬁix P (3 = 1
1 1 (] i 1 o W =1 L A
Ly = — - -— = - . e :’:_-_}:‘H'__':_ - A = 1
Wi=1 3 __ —5— i L — " D e L el P
LS = b .- - - s p— -— s - N(S5h = 1
5 ) o S .- =~ & =,
1 1 o W =1 L O W, = T
L3I0 = F = -— ————- : _L'- - IH o - S KD = 1
W= 1 =, T © L g e g — i B _ T
T =00 = = :-!"' . - =""-- ! S = j-:' L e NA T = 1

Sofrrrrorr- (Aa) Egpoarmd IDDF T by Fada=-2 IDITT FFT alsmcaaxthess
The gisven secueersre 1 oler b = o0, 2o 13 oo 20 2o 50, a0y, o(S), ao6), =l Ty
=42, 2. 2, 2. 1. 1.1, 1F

Th= Fim-ern sesgnuaeress 11 oat reversed ondesr 1
a pe) = f2o0D, aolBD. 202D, 206D, 2001, 2 5), o3, [ TD}
= f2 1. Z2 1.2 1,ZF_ 1%

Foxr IDIT FET. il ogeat 1s 1 bat reversed onders and the onatpat 1= 1 mogaal ordes. The
o of S—gpemart TIF T of xfiemd, 3.2 ATE) by Fadix-= TIDXTT FEF T alscoaathyss 315 showm im

Figwos 7.3E
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From Figure 7.32, we get the S-pont DFT of x(n) as
AB=4121,/2414 0.1 1 #0414 0, 1+0414 0, 1+;2.414)
(&) S-poant DFT by radix-2 DIF FFT alzorthm

For DIF FFT, the mmput 15 1n normal order and the cwtput 15 1 bat resersed order. The
commputation of DF T by radx-2 DIF FFT algonthm i1s showm i Figure 7.33.

) I 1 EO | 1 & ] 1
Wily=2 - - - - - -
Wo=1 ) =~ 1 |1 SN Pl E R
d)=1 ® - =~ - . S — -
I 1 3 W=1 -::3“:_!_ =0 LN P
2= = = - - s . - KL .
: o T . ol " AT
Wi=l |1 W= L | ™\l | N ALA
WE=1 ® * - - .
| WaVAYAY
. : weet B0 X X X
mlys1 = = : : . - %‘."ﬁ: -
) W 1 |'_ __ i 1 I IK ] - g d=y W= o1 _E!"l A w}"
=1 = - ‘1“ . e - — -
e L3
=2 et o 3 W= LN 0 W= A
=2 » " = -
o] _ . 1 _ 1
- Wo=1 |1 Wy== L& ™ ]Hiw'-—p- T_!_-I' -1
71=1 » - . - —— .

Figure 733 Computation of E—peint DFT of x{n) by radix—2 DIF FFT aFzorithm
From Figure 733, we obsere that the &-pomt DFT m bit reversed order 1s

X (x) = {4000, AT, A L), AT6), ATL), ATS). AL3), X(T)}
={12,0.0,0,1 7 52414, 1 +70414, 1 70414, 1 +572.414%

The S-point DFT m normal order 1s
ATk = {AT0). AT1), AT2), X(3), AT4), X(5), ATS), AN}

={12,1 1;2414,0,1 ;0414 0,1 +,;0414,0, 1 + 2414}
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XB={12,1 241401 ;0414 0,1+;0414,0,1+72414}

={120,26] 67 |00,1408 122,00 |L08]2 ,00|,26167 }

= {120,261 037,00 ,10§ 012,00 ,104012,09 261037}
|TR)f= {12, 261, 0, 1.08, 0, 1.08, 0, 2.61}

Xp=1{0 0370, 012,0,012,0,037}
The magmituds and phase spectrum are shown i Figures 7.34(3) and (b).
; LAk
12 ¢ [k . 0.37
V=i *
N
2.6 261 26l | 3 aE 9 10 1
108 108 1018 " e - R e
L] L 3
Ty Ty se TR anm . .
ALY 1137

(MR P

Figure 7.34 (2) Magnitude spectrum. (b) Phase spectrum.
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= t:'U -1 1' |5 1 j 3 T] From Figure 7.38, we get the 8-pomt DFT of x(n) as
XB={28, 4+/9656. 4+ 4+ 4 j1656, 4 4. 79656}
A, jl656. 4 4
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